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Abstract
Let k be a number field, Ok its ring of integers and Cl(k) its class group. Let Γ be the symmetric
(octahedral) group S4. LetM be a maximal Ok-order in the semisimple algebra k[Γ ] containing Ok[Γ ],
Cl(M) its locally free class group, and Cl◦(M) the kernel of the morphism Cl(M) → Cl(k) induced by
the augmentationM→ Ok . Let N/k be a Galois extension with Galois group isomorphic to Γ , and ON
the ring of integers of N . When N/k is tame (i.e., at most tamely ramified), extension of scalars allows us to
assign to ON the class ofM⊗Ok[Γ ] ON , denoted [M⊗Ok[Γ ] ON ], in Cl(M). We define the setR(M)
of realizable classes to be the set of classes c ∈ Cl(M) such that there exists a Galois extension N/k which
is tame, with Galois group isomorphic to Γ , and for which [M⊗Ok[Γ ] ON ] = c. In the present article, we
prove thatR(M) is the subgroup Cl◦(M) of Cl(M) provided that the class number of k is odd.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and statement of main result
Throughout this article, if K is a number field, we denote by OK its ring of integers and Cl(K)
its class group.
Let k be a number field and Γ a finite group. Let M be a maximal Ok-order in k[Γ ] con-
taining Ok[Γ ]. Let Cl(Ok[Γ ]) (respectively Cl(M)) be the locally free class group of Ok[Γ ]
(respectivelyM) (see [F4, Chapter I]). We denote byR(Ok[Γ ]) (respectivelyR(M)) the set of
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exists a Galois extension N/k at most tamely ramified (we abbreviate this to: tame), with Galois
group isomorphic to Γ and the class of ON (respectively M⊗Ok[Γ ] ON ) is equal to c; we will
say that c is realizable by the extension N/k. It is easily seen that R(Ok[Γ ]) ⊂ Cl◦(Ok[Γ ])
(respectivelyR(M) ⊂ Cl◦(M)) (see [Mc1, (4.4)]), where Cl◦(Ok[Γ ]) (respectively Cl◦(M)) is
the kernel of the morphism Cl(Ok[Γ ]) → Cl(k) (respectively Cl(M) → Cl(k)) induced by the
augmentation Ok[Γ ] → Ok (respectively M→ Ok). The results of McCulloh (see [Mc2]) lead
one to the following conjectures.
Conjecture 1. The set R(Ok[Γ ]) is a subgroup of Cl◦(Ok[Γ ]).
Extension of scalars from Ok[Γ ] to M induces a surjective morphism Ex : Cl(Ok[Γ ]) →
Cl(M), and it is clear that Ex(R(Ok[Γ ])) =R(M). Therefore Conjecture 1 implies the follow-
ing conjecture:
Conjecture 2. The set R(M) is a subgroup of Cl◦(M).
If k is any number field and Γ is abelian, it follows from [Mc2] that these conjectures are
true. If Γ is nonabelian, for recent work toward Conjecture 1 see [ByS1,ByS2], and toward
Conjecture 2 see for instance [GS1,So1,So3,So4,So5].
The main purpose of this article is to study Conjecture 2 in the nonabelian situation, in the
case that Γ = S4, the symmetric (octahedral) group. A Galois extension of k is called octahedral
if its Galois group is isomorphic to S4.
In Section 3 we shall prove the following result:
Theorem 1.1. Let k be a number field. LetM be a maximal Ok-order in k[S4] containing Ok[S4].
Suppose that the class number of k is odd. Then R(M) is the subgroup Cl◦(M). In this case
Cl◦(M)  Cl(k) × Cl(k) × Cl(k) × Cl(k).
2. Description of a representative ofM⊗Ok[S4] ON in Cl(M)
The octahedral group S4 can be defined by the presentation:
S4 =
〈
μ,ν,σ, τ : μ2 = ν2 = σ 3 = τ 2 = 1, μν = νμ, τστ = σ−1, σμσ−1 = ν,
σνσ−1 = μν, τμτ = ν〉.
The group S4 is a semidirect product of Δ = 〈μ,ν〉 (isomorphic to Z/2Z × Z/2Z) and
〈σ, τ 〉  S3, S3 being the dihedral (symmetric) group of order 6. It has 5 absolutely irreducible
characters which are already defined over k (see [S, §5.8, p. 42]). Three of them come from the
irreducible characters of S3  S4/Δ: χ0 the trivial character, χ1 of degree 1, and χ2 of degree 2.
There remain two characters of degree 3 which will be denoted by χ3 and χ4.
We deduce (for instance from [CR, p. 330 and §74]) that the Wedderburn decomposition of
k[S4] as a product of simple algebras is:
k[S4]  k × k × M2(k) × M3(k) × M3(k),
where, for i = 2 or i = 3, Mi(k) is the ring of i × i matrices with coefficients in k.
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Therefore, by a result of Swan [R, Theorem 35.14, p. 313] we have
Cl(M)  Cl(k) × Cl(k) × Cl(k) × Cl(k) × Cl(k),
whence
Cl◦(M)  Cl(k) × Cl(k) × Cl(k) × Cl(k).
Let K be any number field and Γ ′ a finite group such that K[Γ ′] satisfies the Eichler con-
dition. Let M′ be an OK -maximal order in K[Γ ′] containing OK [Γ ′]. Below, we will recall
Fröhlich’s Hom-description of the locally free class group Cl(M′) (see [F2,F4] or [CR, §52]).
We write RΓ ′ for the group of virtual characters of Γ ′. Let K be an algebraic closure of K ,
ΩK = Gal(K/K), J (K) the group of ideles of K , and U(K) the subgroup of unit ideles of
J (K). Then
Cl(M′)  HomΩK (RΓ ′ , J (K))
HomΩK (RΓ ′ ,K×)HomΩK (RΓ ′ ,U(K))
.
The notion of Fröhlich–Lagrange resolvent, of which we will recall the definition below (see
[F4, pp. 28–29]), is a fundamental tool for studying the problem of realizable classes.
Let M/K be a Galois extension whose Galois group is isomorphic to Γ ′. If π is an iso-
morphism from Gal(M/K) to Γ ′, then any character χ ′ of Γ ′ induces a character χ ′ ◦ π
of Gal(M/K) which we will also denote by χ ′. If γ ∈ Γ ′, we shall also denote π−1(γ ) ∈
Gal(M/K) simply by γ . Let B be a commutative K-algebra. Then M ⊗K B is a free B[Γ ′]-
module of rank 1; let a ∈ M ⊗K B be a basis of this module. Let T :Γ ′ → GLn′(K) be a linear
representation of Γ ′ with character χ ′. The Fröhlich–Lagrange resolvent 〈a,χ ′〉M/K (or simply
〈a,χ ′〉 if no confusion arises) with respect to M/K is the element of K ⊗K B defined by:
〈a,χ ′〉M/K = Det
( ∑
γ∈Γ ′
γ (a)T
(
γ−1
))
,
where Det is the determinant.
Now we fix some notation. For each prime p of OK , let Kp (respectively OK,p) be the com-
pletion of K (respectively OK ) at p. Let Mp = M ⊗K Kp and OM,p = OM ⊗OK OK,p be the
semilocal completion of M and OM at p, respectively.
Suppose that M/K is tame. One knows that OM is a locally free OK [Γ ′]-module of rank 1
(see [F4, Chapter I, §3, pp. 26–28]). For each prime ideal p of OK , let αp be a basis of the
OK,p[Γ ]-module OM,p (i.e., αp generates a local normal integral basis). Let a be a basis of the
K[Γ ′]-module M (i.e., a generates a normal basis of M/K). By a result of Fröhlich (see [F4]),
a representative of the class of M′ ⊗OK [Γ ′] OM , which will be denoted [M′ ⊗OK [Γ ′] OM ], in
Cl(M′) is the following map h:
h(χ ′) =
( 〈αp, χ ′〉
〈a,χ ′〉
)
.
p
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whenever we can do so without any ambiguity.
From now on, N/k is a tame Galois extension whose Galois group is isomorphic to S4. We
denote by E the subextension of N fixed by Δ. We have Gal(E/k)  〈σ, τ 〉, therefore E/k is a
dihedral extension of degree 6. Let C/k be its (cubic non-Galois) subextension fixed by τ . By
Galois theory, N/C is a Galois extension with Galois group isomorphic to the dihedral group
D4 of order 8 (one may see [J, Diagramme I.1, p. 261]). Let L/C and L˜/C be the quadratic
subextensions of N/C distinct from E/C such that N/L˜ is cyclic of degree 4.
In what follows, we will determine an element h of HomΩk(RS4 , J (k)), which is a represen-
tative of [M⊗Ok[S4] ON ] in Cl(M), by calculating its values at χi , 0 i  4.
Let a be a basis of the k[S4]-module N . For every prime ideal p of Ok , let αp be a basis of
the Ok,p[S4]-module ON,p.
It is clear that 〈αp, χ0〉 = TrNp/kp(αp) and 〈a,χ0〉 = TrN/k(a), where Tr is the trace map. We
may assume that TrN/k(a) = 1 (otherwise take a/TrN/k(a)). As αp is a local normal integral
basis, TrNp/kp(αp) is a unit in Ok,p. Thus we may choose αp so that TrNp/kp(αp) = 1. We then
set
h(χ0) = (1).
Throughout the remainder of the present article, we denote also by χi , 1 i  2, the restric-
tions of χi to S3. The following equalities follow immediately from the definition of Fröhlich–
Lagrange resolvent (one may see [F3, Theorem 10, p. 162]):
〈αp, χi〉 =
〈
TrNp/Ep(αp),χi
〉
E/k
, (2.1)
〈a,χi〉 =
〈
TrN/E(a),χi
〉
E/k
. (2.2)
We point out that TrNp/Ep(αp) and TrN/E(a) are bases of the Ok,p[S3]-module OE,p and the
k[S3]-module E, respectively.
We set
h(χi) =
( 〈TrNp/Ep(αp),χi〉E/k
〈TrN/E(a),χi〉E/k
)
p
.
Let ψ (respectively ψ˜ ) be the character of degree 1 of Gal(N/C) ( D4) whose kernel is
Gal(N/L) (respectively Gal(N/L˜)). It is not difficult to check that χ3 and χ4 are induced by ψ
and ψ˜ , respectively:
χ3 = IndS4D4 ψ, χ4 = Ind
S4
D4
ψ˜.
Let b and bp be bases of the C[D4]-module N and the OC,p[D4]-module ON,p, respectively.
Since χ3 = IndS4D4 ψ , by a result of Fröhlich (see [F2, Theorem 7], or [F3, Theorem 12, p. 165]),
there exist λ and λp invertible in the rings k[D4] and Ok,p[D4] respectively, such that:
〈a,χ3〉ψ(λ) =NC/k
(〈b,ψ〉N/C)e(C/k), (2.3)
〈αp, χ3〉ψ(λp) =NC/k
(〈bp,ψ〉N/C)e(Cp/kp), (2.4)
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space C, e(Cp/kp)2Ok,p is the discriminant of Cp/kp, and
NC/k
(〈x,ψ〉N/C)= ∏
γ∈Homk(C,Q)
γ
(〈
x, γ−1ψ
〉
N/C
)
,
where Homk(C,Q) is the set of the k-embeddings of C in Q. In our situation
NC/k
(〈x,ψ〉N/C)= ∏
γ∈Homk(C,Q)
γ
(〈x,ψ〉N/C),
because the values of ψ belong to k. Thus NC/k = NC/k , the norm map of C/k. The equalities
(2.3) and (2.4) imply
〈αp, χ3〉
〈a,χ3〉 = ψ(λp)
−1ψ(λ)
e(Cp/kp)
e(C/k)
NC/k
( 〈bp,ψ〉N/C
〈b,ψ〉N/C
)
.
On the one hand, the map from RS4 to k× that assigns to χi , 0  i  2, and χ4 the value 1,
and to χ3 the value ψ(λ), is an element of HomΩk (RS4 , k×). On the other hand, the map from
RS4 to U(k) that assigns to χi , 0 i  2, and χ4 the value 1, and to χ3 the value ψ(λp)−1, is an
element of HomΩk(RS4 ,U(k)).
We set
h(χ3) =
(
e(Cp/kp)
e(C/k)
NC/k
( 〈bp,ψ〉N/C
〈b,ψ〉N/C
))
p
.
Since χ4 = IndS4D4 ψ˜ , following the same procedure as above we set
h(χ4) =
(
e′(Cp/kp)
e′(C/k)
NC/k
( 〈bp, ψ˜〉N/C
〈b, ψ˜〉N/C
))
p
,
where e′(C/k)2 is the discriminant of a basis of the k-vector space C, and e′(Cp/kp)2Ok,p is
the discriminant of Cp/kp.
In short, we have the following proposition:
Proposition 2.1. With the above hypotheses and notation, a representative of the class of
M⊗Ok[S4] ON in Cl(M) is the element h of HomΩk(RS4 , J (k)) defined by:
h(χ0) = (1),
h(χi) =
( 〈TrNp/Ep(αp),χi〉E/k
〈TrN/E(a),χi〉E/k
)
p
, for all i, 1 i  2,
h(χ3) =
(
e(Cp/kp)
e(C/k)
NC/k
( 〈bp,ψ〉N/C
〈b,ψ〉N/C
))
p
,
h(χ4) =
(
e′(Cp/kp)
e′(C/k)
NC/k
( 〈bp, ψ˜〉N/C
〈b, ψ˜〉
))
.N/C p
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simple algebras is:
k[S3]  k × k × M2(k).
Let M(S3) be a maximal Ok-order in the semisimple algebra k[S3] containing Ok[S3], and
Cl(M(S3)) its locally free class group. It is easily seen that k[S3] satisfies the Eichler condition.
Therefore
Cl
(M(S3)) Cl(k) × Cl(k) × Cl(k),
whence
Cl◦
(M(S3)) Cl(k) × Cl(k).
Let R(M(S3)) be the set of those classes in Cl(M(S3)) which are realizable by tame Galois
extensions of k whose Galois group is isomorphic to S3. ThenR(M(S3)) ⊂ Cl◦(M(S3)). In the
sequel, we will often identify Cl◦(M(S3)) with Cl(k)×Cl(k) under the preceding isomorphism.
Now we recall the definition of Steinitz class. Let M/K be an extension of number fields of
degree n. The ring OM is a torsion free OK -module of rank n, so there exists an ideal I of OK
such that OM  On−1K ⊕ I as an OK -module. The class of I in Cl(K) is called the Steinitz class
of M/K or of OM , and is denoted by clK(OM) (see [FT, Theorem 13, p. 95]). The structure of
OM as an OK -module is determined up to isomorphism by its rank and its Steinitz class.
Proposition 2.2. With the previous notation, let ci , 0 i  5, be the components of [M⊗Ok[S4]
ON ] in Cl(k) × Cl(k) × Cl(k) × Cl(k) × Cl(k). Then:
(i) c0 is the trivial class in Cl(k).
(ii) (c1, c2) is the class of [M(S3) ⊗Ok[S3] OE] in Cl(k) × Cl(k).
(iii) c3 = clk(OC)NC/k(clC(OL)) in Cl(k).
(iv) c4 = clk(OC)NC/k(clC(OL˜)) in Cl(k).
Proof. (i) is obvious.
(ii) The extension E/k is tame because N/k is tame. Thanks to the equalities (2.1), (2.2) and
the remark following them, it is clear that the element h1 of HomΩk (RS3 , J (k)), which to the
trivial character of S3 assigns 1 and to χi , 1 i  2, assigns h1(χi) = h(χi), is a representative
of [M(S3) ⊗Ok[S3] OE] in the Hom-description of Cl(M(S3)). We deduce that the components
of [M(S3)⊗Ok[S3]OE] in Cl(k)×Cl(k) are the components of [M⊗Ok[S4]ON ] in Cl(k)×Cl(k).
Hence we have (ii).
(iii) The proof consists in determining the content of the following idele which is defined in
Proposition 2.1:
h(χ3) =
(
e(Cp/kp)
e(C/k)
NC/k
( 〈bp,ψ〉N/C
〈b,ψ〉
))
.N/C p
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Gal(N/L)). It is easy to check (as in (2.1) and (2.2)) that we have
〈bp,ψ〉N/C
〈b,ψ〉N/C =
〈TrNp/Lp(bp),ψ〉L/C
〈TrN/L(b),ψ〉L/C .
It follows from [So2, Proof of Theorem 1.3, p. 52–53], that the class in Cl(C) of the content
of the idele whose components occur on the right-hand side of the preceding equality is clC(OL).
Let I be the ideal of Ok which is the content of the idele
(e(Cp/kp)
e(C/k)) p
. Since (e(Cp/kp))2Ok,p
is equal to the local discriminant Δ(Cp/kp), we have
I 2 = Δ(C/k)
e(C/k)2
,
where Δ(C/k) is the discriminant of C/k. As d = e(C/k)2 is the discriminant of a basis of
C/k, clk(OC) is the class of the ideal
√
Δ(C/k)/d by a result of Artin (see [A]). We deduce that
clk(OC) is the class of I . Therefore the class of the content of the idele h(χ3) in Cl(k) is equal
to clk(OC)NC/k(clC(OL)). This completes the proof of (iii).
(iv) The proof is similar to that of (iii). 
3. Proof of Theorem 1.1
We fix some notation. Let M/K be an extension of number fields. We denote by Δ(M/K)
its discriminant, and by NM/K its norm map. The class of a fractional ideal I of OK in Cl(K)
will be denoted by cl(I ). We recall that, by a result of Artin (see [A]), we have: clK(OM) =
cl(
√
Δ(M/K)/d ), where d is the discriminant of a basis of the K-vector space M ; moreover,
if M/K is Galois with odd degree, then clK(OM) = cl(√Δ(M/K) ). Therefore cl(Δ(M/K)) =
(clK(OM))2.
Lemma 3.1. In this lemma we use the notation and hypotheses of Proposition 2.2.
(i) Let k′/k be the quadratic subextension of E/k, then c1 = clk(Ok′).
Assume now that the class number of k is odd. Then:
(ii) clk(OC) = c2.
(iii) c4 = c1c3[NC/k(cl((Δ(L/C),Δ(E/C)))]−1, where (Δ(L/C),Δ(E/C)) is the g.c.d of
Δ(L/C) and Δ(E/C).
Proof. (i) We check easily that the restriction χ1 of χ1 to Gal(k′/k) is the nontrivial character
of Gal(k′/k), and (as in (2.1) and (2.2)) we have
h(χ1) =
( 〈TrNp/k′p(αp),χ1〉k′/k
〈TrN/k′(a),χ1〉k′/k
)
p
.
A similar argument to that for ψ (see the proof of Proposition 2.2(iii)) shows that the content
of the preceding idele is clk(Ok′). Consequently, c1 = clk(Ok′).
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in the case of dihedral extensions of degree 6. In the proof of [M, Theorem III.1, p. 27], (H) is
used in Case 2 and Case 3, but not in Case 1. Since E/k is tame, only Case 1 can occur. Also, it
is easy to check (using [M, Proposition 3.5, p. 29] and transitivity of the discriminant in a tower
of number fields) that [M, Theorem III.2, (i), p. 30] is true without hypothesis (H) for tame
extensions. Therefore, it follows from [M, Theorem III.1] and [M, Theorem III.2, (i)] that
Δ(E/k′) = J 2Ok′ and Δ(C/k) = Δ(k′/k)J 2,
where J is a square free integral ideal of Ok , relatively prime to Δ(k′/k).
By Artin, we have cl(Δ(C/k)) = (clk(OC))2 and cl(Δ(k′/k)) = (clk(Ok′))2. The class num-
ber of k being odd, we deduce that
clk(OC) = clk(Ok′) cl(J ) = c1 cl(J ).
In the sequel, we will prove that cl(J )) = c−11 c2, which ends the proof of (ii).
Since the degree of E/k′ is odd and Δ(E/k′) = (JOk′)2, by Artin we have clk′(OE) =
cl(JOk′). Therefore
(
cl(J )
)2 = Nk′/k(clk′(OE)). (3.1)
By transitivity of the Steinitz class in a tower of number fields (see [F1, Theorem 4.1]), we have
clk(OE) =
(
clk(Ok′)
)3
Nk′/k
(
clk′(OE)
)
. (3.2)
Let h1 be the representative of [M(S3)⊗Ok[S3]OE] in the Hom-description of Cl(M(S3)), which
is defined in the proof of Proposition 2.2(ii). Let rS3 be the character of the regular representation
of S3. It follows from [Mc3, Proposition 12] that clk(OE) is the class of the content of the idele
h1(rS3) ∈ J (k) (we may see [F4, pp. 62–63] to reconstruct the proof). We deduce:
clk(OE) = cχ1(1)1 cχ2(1)2 = c1c22. (3.3)
By virtue of (3.1)–(3.3), we have (cl(J ))2 = (c−11 c2)2. Thus cl(J ) = c−11 c2, since the class num-
ber of k is odd.
(iii) Recall that we have (see Proposition 2.2)
c4 = clk(OC)NC/k
(
clC(OL˜)
)
and c3 = clk(OC)NC/k
(
clC(OL)
)
. (3.4)
Since the compositum LE/C is a tame biquadratic extension which contains L˜, it follows from
[So2, Proposition 3.2, p. 51] that
clC(OL˜) = clC(OL) clC(OE)
[
cl
((
Δ(L/C),Δ(E/C)
))]−1
. (3.5)
Thanks to [M, Proposition 3.5, p. 29], we have NC/k(Δ(E/C)) = Δ(k′/k). By the result of Artin
and the fact that the class number of k is odd, we obtain NC/k(clC(OE)) = clk(Ok′) = c1. Now,
an easy calculation using (3.4) and NC/k(clC(OL˜)) obtained from (3.5) allows us to complete
the proof. 
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R(M(S3)) = Cl(k) × Cl(k).
Proof. We point out that Lemma 3.2 is Corollary 1.2 in [BrS]. For the convenience of the reader
we give its proof.
Let j be a primitive 3rd root of unity.
If j /∈ k, then k is linearly disjoint from Q(j) over Q. It follows from [So1] (case  = 3,
q = 2) and [ByS2, Appendix] that R(M(S3)) = {(c, xc) | c ∈ Cl(k), x ∈ Cl(k)}; to check
this assertion, it suffices to see, in the notation of [So1], that K = k, and the Stickelberger
ideals S2 and S3 are equal to Z and Z[Gal(k(j)/k)], respectively. Clearly, {(c, xc) | c ∈ Cl(k),
x ∈ Cl(k)} = Cl(k) × Cl(k).
If j ∈ k, since S3 is an example of a group Γ satisfying the hypotheses of Theorem 1.1 in
[BrS], then by [BrS, Theorem 1.1], we have R(M(S3)) = {(c, xc) | c ∈ Cl(k), x ∈ Cl(k)} =
Cl(k) × Cl(k). 
Proof of Theorem 1.1. We may identifyR(M) with a subset of Cl(k)×Cl(k)×Cl(k)×Cl(k) =
Cl(k)4. In the following discussion we will prove that Cl(k)4 ⊂R(M).
Let X = (x1, x2, x3, x4) ∈ Cl(k)4. Let p be a prime ideal of Ok relatively prime to 6Ok such
that
x1x3x
−1
4 = cl(p). (3.6)
Consider x21 cl(p)
−1
. We denote by Cl(k,4Ok) the ray classgroup of k with modulus 4Ok .
The canonical surjection from Cl(k,4Ok) onto Cl(k) and the Tchebotarev density theorem in ray
classgroups (see [N, Chapter V, Theorem 6.4, p. 132]) allow us to assert: there exists a prime
ideal p′ of Ok , relatively prime to 2p and such that x21 cl(p)−1 = cl(p′) in Cl(k,4Ok). Therefore
there exist m1 ∈ k× and a fractional ideal I1 of Ok such that:
m1Ok = I 21 pp′, m1 ≡ 1 mod∗ 4Ok, and cl
(
I−11
)= x1, (3.7)
where mod∗ is the usual notation of congruence in class field theory (see [N]).
Let k′ be the quadratic extension k(√m1 )/k. According to Kummer theory (see [H, §39]),
k′/k is tame and Δ(k′/k) = pp′; the result of Artin yields clk(Ok′) = x1 (one may see [So2,
Proposition 2.2, p. 50]).
Consider (x1, x2) and k′/k. By Lemma 3.2 and the proofs of Proposition 3.2 in [So1, p. 94]
and Theorem 1.1 in [BrS], there exists a tame dihedral extension E/k of degree 6, containing k′
and such that
[M(S3) ⊗Ok[S3] OE]= (x1, x2). (3.8)
Using Proposition III.5 in [M, p. 29] and its proof, we may choose a cubic (non-Galois)
subextension C/k of E/k, and a prime ideal P1 of OC above p such that P1 is the only prime
ideal above p dividing Δ(E/C). Furthermore, let J be the ideal of Ok defined by Δ(E/k′) =
J 2Ok′ , since p is relatively prime to J , we have the decomposition pOC =P1P22 , where P2 =P1
is a prime ideal of OC . We denote by P the (unique) ideal of OE above P1. We let Gal(E/k) =
〈σ, τ 〉, where we choose τ so that C is the subextension of E/k fixed by τ .
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isfy y = z2. Since k′/k is ramified and it is the unique nontrivial abelian subextension of E/k,
NE/k : Cl(E) → Cl(k) is surjective thanks to [W, Theorem 10.1, p. 400]. Let c ∈ Cl(E) such that
NE/k(c) = z.
Consider the element c2 cl(P)−1 of Cl(E). By Tchebotarev density theorem in the ray class
group Cl(E,4OE) of E with modulus 4OE , and the canonical surjection from Cl(E,4OE) onto
Cl(E), there exist m ∈ E×, a fractional ideal I of OE , and a prime ideal P′ of OE relatively
prime to 2OE and totally split in E/k such that:
mOE = I 2PP′, m ≡ 1 mod∗ 4OE, and cl
(
I−1
)= c. (3.9)
We let a = mσ(m)τ(mσ(m)). Because P′ is totally split in E/k and P is ramified in E/k, it
is immediate that vP′(a) ≡ 1 mod 2. Therefore a is not a square in E. Since Gal(E/C) = 〈τ 〉,
we have a = NE/C(mσ(m)) ∈ C. Let L be the quadratic extension C(√a )/C. As NC/k(a) =
(NE/k(m))
2 is a square in k, by [GS2, Lemma 2.2] E/k is embeddable in the octahedral ex-
tension N = E(√a,√σ(a) ). We deduce from m ≡ 1 mod∗ 4OE that γ (m) ≡ 1 mod∗ 4OE for
γ = σ , τ or τσ ; hence a ≡ 1 mod∗ 4OE and σ(a) ≡ 1 mod∗ 4OE . Therefore, by Kummer
theory, E(
√
a )/E and E(
√
σ(a) )/E are tame. Then N/k is also tame since E/k is tame.
We have
(
mσ(m)
)
OE =
(
Iσ (I )
)2
Pσ(P)P′σ(P′).
Let us calculate NE/C((mσ(m))OE). Since p is relatively prime to 3Ok , P is totally split in
E/k′ by [M, Proposition III.3, p. 24]. We check that P2OE = σ(P)σ 2(P). We then have P2 =
σ(P) ∩ OC . Put P3 = P′ ∩ OC and P4 = σ(P′) ∩ OC . Then
aOC =
[
NE/C
(
Iσ (I )
)]2P1P2P3P4.
Clearly, the ideals Pi , 1  i  4, are pairwise distinct prime ideals of OC (recall that P′ is
totally split in E/k). Since L/C is tame, by Kummer theory we have
Δ(L/C) =P1P2P3P4.
From the fact that P1 is the only prime ideal above p dividing Δ(E/C), and the prime ideals P3,
P4 are unramified in E/C, we deduce that
(
Δ(L/C),Δ(E/C)
)=P1. (3.10)
By Artin, we have clC(OL) = cl([NE/C(Iσ (I ))]−1), whence NC/k(clC(OL)) =
cl([NE/k(I )]−2). Recall that cl(I−1) = c, NE/k(c) = z, and z2 = y. Therefore
NC/k
(
clC(OL)
)= y. (3.11)
Now let (c1, c2, c3, c4)=[M⊗Ok[S4] ON ]. By Proposition 2.2(ii) and (3.8), we have (c1, c2) =
(x1, x2).
We deduce from Lemma 3.1(ii) that clk(OC) = c2 = x2. As c3 = clk(OC)NC/k(clC(OL)) (see
Proposition 2.2), using (3.11) we get c3 = x2y = x3.
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culation and (3.10), c4 = x1x3[NC/k(cl(P1))]−1. The residue degree of P in E/k is equal to 1,
then (by transitivity) the residue degree of P1 in C/k is also 1 so that NC/k(P1) = p. Therefore
c4 = x1x3 cl(p)−1, hence c4 = x4 by (3.6).
We conclude that [M⊗Ok[S4]ON ] = (x1, x2, x3, x4) = X. Therefore X ∈R(M), which com-
pletes the proof of Theorem 1.1. 
We end the present article by the following proposition. In the notation of Section 2, we define
R1(M) to be the set of realizable classes of tame octahedral extensions N/k such that L/C and
E/C are arithmetically disjoint.
Proposition 3.3. With the hypotheses and notation of Theorem 1.1, and the identification
R(M) = Cl(k)4, we have R1(M) is a subgroup of R(M) equal to
A = {(x1, x2, x3, x1x3) ∣∣ (x1, x2, x3) ∈ Cl(k)3}.
Proof. Since (Δ(L/C),Δ(E/C)) = OC , the inclusion R1(M) ⊂ A is an immediate conse-
quence of Lemma 3.1(iii). To show the inclusion A ⊂R1(M), we copy the proof of Theorem 1.1
but we make the following change. We do not need (3.6). We start by considering x21 , and we
replace (3.7) by
m1Ok = I 21 p′, m1 ≡ 1 mod∗ 4Ok, and cl
(
I−11
)= x1,
where p′ is a prime ideal relatively prime to 2Ok . Next, we omit all that it is said about p, and we
consider c2 ∈ Cl(E). We replace (3.9) by
mOE = I 2P′, m ≡ 1 mod∗ 4OE, and cl
(
I−1
)= c,
where P′ is a prime ideal of OE , relatively prime to 2OE and totally split in E/k. We obtain
Δ(L/C) = P3P4, and (Δ(L/C),Δ(E/C)) = OC . So L/C and E/C are arithmetically dis-
joint. The last calculation shows that [M ⊗Ok[S4] ON ] = (x1, x2, x3, x1x3). We conclude that
R1(M) = A. Clearly A is a subgroup of Cl(k)4, which completes the proof. 
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